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We show that under variation of moduli fields 4> the first law of black hole thermodynamics becomes 
dM = + Q.dJ + ifidq + \dp — £d^>, where E are the scalar charges. We also show that the ADM 
mass is extremized at fixed A, J, (p,q) when the moduli fields take the fixed value 0fl x (p, q) which 
depend only on electric and magnetic charges. It follows that the least mass of any black hole with 
fixed conserved electric and magnetic charges is given by the mass of the double-extreme black hole 
with these charges. Our work allows us to interpret the previously established result that for all 
extreme black holes the moduli fields at the horizon take a value 4> = 0fi x (p, q) depending only on the 
electric and magnetic conserved charges: 0fi x (p, q) is such that the scalar charges £(c/>fi x , (p,q)) = 0. 
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There has recently been intense interest in the thermo- 
dynamics of black holes in string theory. In particular the 
entropy S of some extreme black holes considered as a 
function of their conserved electric and magnetic charges 
(p, q) has been related to the logarithm of the number 
of the BPS states at large (p, q) (!]]. The properties of 
the black holes in the theories considered depend on the 
values tfioo of certain massless scalar fields, referred to as 
moduli fields, at spatial infinity. The moduli at infinity 
0oo may be thought of as labelling different ground states 
or vacua of the theory. It is of crucial importance for 
the consistency of the state counting interpretation that 
the entropy S — \A, where A is the area of the event 
horizon, is independent (in the extreme limit) of the par- 
ticular vacuum or ground state, i.e. of </>oo , and depends 
only on the conserved charges (p, q). The ADM mass M, 
however, does depend on t/^ even in the extreme case. 
In the non-extreme case both the mass M and the area 
A depend in a non-trivial way on </>oo. In other words, 
to specify completely a black hole in these theories one 
needs to give the entropy S = jA, the conserved charges 
(p, q) , moduli at infinity 4>oo , and the total angular mo- 
mentum J. In thermodynamic terms A, (p A , q A ), J, (j)^ 
are coordinates on the state space R+ x R 2 ™ x R x A4^>, 
where A = 1, . . . , n is the number of electric (or magnetic) 
charges, and M.^, is the manifold in which the scalars take 
their values, and a = 1, . . . , m = dimA^. 

The usual first law of thermodynamics relates the vari- 
ation of M to the temperature T = where k is the 
surface gravity, the angular velocity Cl and the electro- 
static and magnetostatic potentials ip A an d Xa : 
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dM = h VldJ + Tp A dq A + x\dp A 



(1) 



However equation ([[]) does not take into account the de- 
pendence upon the moduli 0oo. It should clearly be re- 
placed by 



dM 
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fldJ + ip A dq A + XAdp + 



(dM 
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where the partial derivative of the mass is taken at 
fixed values of the area, angular momentum and charges: 

(ml) 

\d<P a ) A,J,p,q 

Our first result is that the coefficient of d<fi a is given 

by 



fdM_\ 



-Gab^oo)^ , (3) 



where G a b is the metric on the scalar manifold M<f, in 
terms of which the kinetic part of the scalar Lagrangian 
density is 
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and S a are the scalar charges of the black hole defined 
by 



(•5) 
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at spatial infinity. Note that the scalar charges E a them- 
selves depend non-trivially on A, (p A , q\), J, <f> 
vector part of the Lagrangian is 
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where the abelian field strengths are T = 



and *J rS are the dual field strengths of the vector fields 
and /iAs and z^ae are moduli dependent n x n matrices. 
The charges (q\:P A ) are defined by 
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We would like to stress that the charges must be defined 
as above, in order that Gauss's theorem holds, i.e. the 
charges are conserved and are the subject to quantization 
conditions in the quantum theory. 

One may prove eqs. (|), with (|) and (@), either us- 
ing Hamiltonian methods, modifying the procedure of 
Wald or by covariant methods, following the older 
procedure of Bardeen, Carter and Hawking ||] . A recent 
account of the covariant approach including scalars but 
dropping the last terms of eq. (J2J) is given in Q. From 
cq. (95) of B for gravity coupled to a er-model we have: 
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b a G ab {cj>)^da l , (8) 



where the integral on the right hand side is over the 
boundary of a spacelike surface. The boundary has two 
components, one on the horizon and one at spatial infin- 
ity. The contribution from the horizon vanishes because 
(f> b is assumed to be independent of time and regular. The 
term at infinity yields 
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(9) 



If vectors are present there is the usual additional term 
due to variation of the charges. 

The last term in eq. @ was dropped in || because in 
the application the authors had in mind (Skyrmion black 
hole) the scalar charges E a do indeed vanish. 

For black holes in string theory, however, the scalar 
charges S a will not in general vanish. They will vanish 
if and only if ^oo, and hence the vacuum state, is chosen 
to extremize the ADM mass at the fixed entropy -j, an- 
gular momentum J, and conserved electric and magnetic 
charges (p A , q\). Note that despite the extra term in the 
first law the integrated version, i.e. the Smarr formula, 
remains []5| 
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2ft J + VV + XAP* 



(10) 



From now on we will, for simplicity, consider only static 
non-rotating black holes. The extension to include rota- 
tion is both obvious and immediate. 



The idea of extremization of the black hole mass in 
the moduli space at the fixed charges was suggested for 
supersymmetric black holes by Ferrara and one of the 
authors H. This idea is extended here for general black 
holes. 

Our second result is that subject to a convexity condi- 
tion that we explain below, the scalar charges vanish and 
hence M is extremal if and only if the black hole solution 
has constant values of the moduli fields 



(ii) 



Moreover the constant values is not arbitrary but 
must be chosen to extremize at fixed electric and mag- 
netic charges a certain non-negative function V which is 
quadratic in the electric and magnetic charges and de- 
pends non-trivially on the scalars. 



where 
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jl + ISfl V I'll 1 
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For extended supergravity theories these 2n x In moduli 
dependent matrices have been studied before || , @ , [0 . 

Spherically symmetric non-extreme black holes in the- 
ories described above can be conveniently cast into the 
form j^] 



ds 2 = -e 2U dt 2 + e- 2U 
(d0 2 +sin 2 0dip 2 ) 



r c 2 dr 2 



sinh 4 ct sinh 2 cr 



(14) 



The coordinate r runs from — oo (horizon) to (spatial 
infinity). The boundary condition for U is that U(0) = 1 
and U — > ct as r — > — oo. The boundary condition for 
(j) a (T) is that <f> a (0) = (f)^ and ^ = 0{e CT ) as r -> -oo. 
The physical significance of c is that 
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The field equations for U and cf> a are 
d 2 U 



dr 2 



2V(c(>,(p,q))e 
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D(j) a _ dV 
Dt 2 ~ 86"' 
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and 



dU_ 
~dr~ 



(15) 
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Our convexity condition is that the symmetric tensor 
field on M<f, defined by 
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v ab 
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where V a is the Levi-Civita covariant derivative with re- 
spect to the metric G a b of M.^ , is non- negative. 
It follows from the equation of motion for 4> a that 

<fv _ dr v dv dv b 
-d^- Vab l^^ + 2e WW ■ ( 0) 

If we multiply by V, integrate and use the boundary 
conditions, we obtain 



ifdVV (dV 
! Wj£&+2*>™™G*)*r. (21) 



If we assume that E a = and V a b is positive definite, 
we must have J^- = for all t, which implies that the 
moduli are frozen, i.e. <fi a (r) — 

The mass of the black hole is given by M — (^p) T=Q 
and therefore we have from (|l^) a rather useful general 
relation || which may be interpreted as the statement 
that the total self force on the hole due to the attractive 
forces of gravity and the scalar fields is not exceeded by 
the repulsive self force due to the vectors and vanishes 
only in the extreme case: 
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G ab £ a £ h - = 4S 2 T 2 



(22) 



One might refer to the inequality obtained from the non- 
negativity of the right hand side as an antigravity bound. 
Note that unlike the Bogomol'nyi bound || its derivation 
requires neither supersymmetry nor duality invariance. 
Differentiating with respect to 4^ gives: 



(23) 



We deduce that if the mass is extremized with respect 
to 4>% o: then so is the temperature. It follows that the 
fixed or "frozen" moduli must minimize V, i.e. </>g x is 
defined by 
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0=0fix,(P,<7) 



Static black holes with frozen moduli have the space- 
time geometry given by the Reissner-Nordstrom metric. 

A year ago Ferrara, Kallosh, and Strominger |l(| found 
that for a class of supersymmetric black holes the moduli 
field at the horizon, 4>h, depends only on the conserved 
electric and magnetic charges 



)H, extreme 



<£fix(p, q) 
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Recall that at extremality, the mass depends on the mod- 
uli at infinity and the conserved charges 



S (#o,(P,«)) 



An implicit formula was found more recently in 
4>h extreme that can be written as 



<9 -^extreme \ 
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| for 
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(P,g),<P=4>H,a^ti- 



where the derivative is taken at fixed values of charges. 
The result which holds for all of the theories we con- 
sider here was found by analyzing the radial equation for 
the moduli fields 4>{r) which is governed by the function 
V((f>,p,q). 

Two questions arose and motivated the results of this 
paper: 

• Why is ^extreme independent of (j)^ 

• Why is ^extreme given by @? 

We can now offer an answer for the second question. 
From ([}]) , which we first derived for the example given in 
]ll[ , it follows that equation (GTn is equivalent to 



(p,q)) = 



(28) 



thus defining tfifa — <pR X (p,q)- (This equation was noted 
in |(| for the extreme case). But as we stated above a 
black hole with vanishing scalar charge must have spa- 
tially constant moduli fields : (j) a (r) = ^ cxtrcmo = $|o , 
or "frozen" moduli. In other words, to satisfy eq. fl2S| ) 
we must choose to be 4>H, extTeme - 

As found in ||, the entropy of all extreme black holes 
is independent of <^ and is given by 



^4 

S = — = nV (<&ixO, 9), (p> q)) ■ 



(29) 



Our new result establishes that for any static black 
hole, extreme or not 



M (S, 4oo, (P, q)) > M (S, fix , (p, q)) 



(30) 



But because black holes with frozen moduli have the 
Reissner-Nordstrom geometry, the right hand side of (16) 
is always greater than the mass of the extreme Reissner- 
Nordstrom black hole with same charges. 

We would like to emphasize that our results hold for 
a wide class of theories - one need not assume either su- 
persymmetry or duality invariance. In addition we wish 
to emphasize the following: 

i) The scalar charges S a are not conserved but they do 
act as the sources for the moduli. They are not associated 
with a conserved current. The flux of the gradient of the 
scalar charge vanishes at the horizon. Thus the scalar 
charge resides entirely outside the event horizon. 

ii) Previously one did not consider variations of the 
moduli at infinity, 4>oo 1 which were regarded fixed once 
and for all. In that case the scalar charge S a need not be 
specified independently of the mass, angular momentum 
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and electric and magnetic charges. However if one does 
not regard the moduli at infinity to be given a priori one 
needs to specify, in addition to M, J and (q,p), either (j)^ 
or E a to characterize completely the black hole. This 
may be important when considering situations in which 
f^co becomes dynamical, for example if one considers slow 
adiabatic changes of 4>oo or possibly time-dependent cos- 
mological situations. 
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